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$Z_{1},$ $Z_{2}\in C^{n}$ $(Z_{1}, Z_{2})$ $C^{2n}$ Hermite $(,$ $)$
$((Z_{1}, Z_{2}), (Z_{1}’, Z_{2}’))=Z_{1}t\overline{Z_{1}’}+Z_{2}t\overline{Z_{2}’}$ $<,$ $>$
$C^{n}$ r$OW$ VeCtor 3 orthogonal Comple$X$
structure $I,$ $J,$ $K$
$I(Z_{1}, Z_{2})=(iZ_{1},iZ_{2})$ , $J(Z_{1}, Z_{2})=(i\overline{Z_{2}}, -i\overline{Z_{1}})$ , $K(Z_{1)}Z_{2})=(-\overline{Z_{2}},\overline{Z_{1}})$
$I,$ $J,$ $K$ $-I^{2}=-J^{2}=-K^{2}$ $IJ=K,$ $JI=-IJ$
$C^{2n}$ quaternion struCture
$H^{n}$ $C^{2n}$ complex sympleCti$C$ form $\omega$
$\omega((Z_{1}, Z_{2}), (Z_{1}’, Z_{2}’))=-(Z_{1}tZ_{2}’-Z_{2}tZ_{1}’)$ .
$\omega=dZ_{2}\wedge^{t}dZ_{1}$
$\omega((Z_{1}, Z_{2}), (Z_{1}’, Z_{2}’))=-<K(Z_{1}, Z_{2}),$ $(Z_{1}’, Z_{2}’)>+i<J(Z_{1}, Z_{2}),$ $(Z_{1}’, Z_{2}’)>$
$\Lambda I$
$q$ manifold $M$ $C^{2n}$ immersion $f$
$f^{*}\omega=0$ $M$ complex isotropic submanifold
2 K\"ahler form
$<K(Z_{1}, Z_{2}), (Z_{1}’, Z_{2}’)>=<J(Z_{1}, Z_{2}), (Z_{1}’, Z_{2}’)>=0$
2 complex structure $J,$ $K$ isotropic submanifold
$q\leq 2n$ $q=2n$ complex Lagrangian
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submanifold $M$ $J$ $K$ Lagrangian $M$ tangent
space $I$ $I$ complex structure $M$
$I$ $n$ complex submanifold Hitchin[Hi] ”bilagrangian”
condition $M$ complex isotropic complex
submanifold complex Lagrangian submanifold
$I$ complex submanifold
1. $A$ $n$ complex symmetric matrix $n$ subspace
$\{(Z, ZA)|Z\in C^{n}\}$
complex Lagrangian subspace
2. $f$ $C^{n}$ $\Omega$ holomorphic function graph
$(z_{1}, \cdots, z_{n}, \frac{\partial f}{\partial z_{1}}, \ldots, \frac{\partial f}{\partial_{Z_{n}}}) , (z_{1,\ldots:}z_{n})\in\Omega$
complex Lagrangian graph
3. $C^{2}$ holomorphic curve complex Lagrangian
4. complex Lagrangian submanifold $J$ special Lagrangian sub-
manifold $C^{2}$ special Lagrangian surface complex
Lagrangian [Jol].
$Lag^{C}$ $C^{2n}$ complex Lagrangian subspace Grassmann man-
ifold $n=1$ $Lag^{C}$ $CP^{1},$ $n=2$ 3-quadric $Q^{3}$
$Lag^{C}$ rank $n$ compact type Hermitian symmetric space
$V$ La$g^{C}$ tautological vector bundle $\Phi$ $V$ $C^{2n}$
$V$ $Sp(n, C)$- holomorphic 1-form $\Xi$
$d$ $=-2\Phi^{*}\omega$ fibre $c*$
1.1. $M$ $Lag^{C}$ complex submanifold. $V|_{M}$ $M$
bundle $V|_{M}$ closed holomorphic 1-form $\beta$ $V|_{M}$
$-\beta$ $\Xi-\beta=0$ $V|_{M}$ $S$ $\Phi$ image
complex isotropic ( ). $\beta=0$
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complex isotropic cone $S$ $1I$ projection $M$ complex
submanifold $N$ submersion $N$ closed holomorphic 1-
form $\alpha$ $S$ $V|_{N}$ $-\alpha=0$
$\Lambda I$ $Lag^{C}$ complex submanifold } $V|_{M}$ (an-
alytic set) complex Lagrangian cone
$t$ $V|_{N}$
$t\alpha=0$ complex Lagrangian cone $\Xi=0$
complex Lagrangian submanifold $mo$duli
space of asymptotical conical complex Lagrangian submanifolds for a com-
plex Lagrangian cone $\Xi=0$ in $V|_{N}$ $H^{1,0}(N)$
complex Lagrangian cone $I$
complex structure complex projective space $CP_{I}^{2n-1}$
holomorphic contact structure holomorphic horizontal submanifold
complex Lagrangian cone $GP_{I}^{2n-1}$ image
$CP_{J}^{2n-1}$ image real Lagrangian submanifold
[Ej2], [E-Tl], [E-T2]
$HP^{n}$ homogeneous maximal totally complex submanifold
[B-G-P], parallel submanifold [Ts].
$Lag^{C}$ null submanifold complex Lagrangian cone $Lag^{C}$ Gauss
map image Gauss image complex Lagrangian
cone holomorphic horizontal submanifold null sub-
manifold Lie transform $Q^{3}$ null curve
$CP^{3}$ horizontal holomorphic curve Lie transform [Brl]
5.1 $C^{4}$ 2-dimensional ruled complex Lagrangian
submanifold
2. 1.1
$\{(Z, Z\tau)|Z\in C^{n}\}$ , $\tau$ $n$ complex symmetric matrix,
complex Lagrangian subspace $Lag_{o}^{C}$ $S_{C}^{2}$ $n$
complex symmetric matrix $Lag_{0}^{C}$ $Lag_{o}^{C}$ $Lag^{C}$
Zariski open subset $Lag_{o}^{C}$ $Lag_{o}^{C}$
tautological vector bundle
$\{(\tau, (Z, Z\tau)|\in S_{c}^{2}, Z\in C^{n}\}$
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$S_{c}^{2}\cross C^{n}$ $Sp(n, C)$ $atd-b^{t}c=E_{n}$ $atb,$
$ctd$ symmetric matrix $n$ complex matrix $a,$ $b,$ $c,$ $d$ $(\begin{array}{ll}a bc d\end{array})$
$2n$ complex matrix $(\begin{array}{ll}a bc d\end{array})$ $C^{2n}$
$(Z_{1}, Z_{2})(\begin{array}{ll}a bc d\end{array})=(Z_{1}a+Z_{2}c, Z_{1}b+Z_{2}d)$
$Sp(n, C)$ $\omega$ holomorphic symplectic transformation
$Sp(n.C)$ complex Lagrangian subspace complex
Lagrangian subspace $Lag^{C}$ , tautological vector bundle
$\Phi$ $Sp(n, C)$-equivariant $S_{c}^{2},$ $S_{c}^{2}\cross C^{n}$
$\tau(\begin{array}{ll}a bc d\end{array})=(a+\tau c)^{-1}(b+\tau d)$ ,
$(\tau, K)(\begin{array}{ll}a bc d\end{array})=((a+\tau c)^{-1}(b+\tau d), K(a+\tau c))$
$(Z, Z\tau)(\begin{array}{ll}a b\Gamma_{\prime} d\end{array})=(Z(a+\tau C), Z(b+\tau d))$ $W=Z(a+\tau C)$
$(Z, Z\tau)(\begin{array}{ll}a bc d\end{array})=(W, W(a+\tau c)^{-1}(b+\tau d))$ tautological vector
bundle $C^{2n}$ $\Phi$ $S_{c}^{2}\cross C^{n}$
$\Phi(\tau, K)=(K, K\tau)$
$\Phi^{*}\omega$ tautological vector bundle $Sp(n, C)$-invariant closed 2-
form $\Phi(\tau, K)=(K, K\tau)$ $\omega$
$\Phi^{*}\omega=((dK)\tau+Kd\tau)\wedge tdK=Kd\tau\wedge tdK=$
$tr(d\tau\wedge^{t}KdK)=-\frac{1}{2}dtr(d\tau tKK)$ .
$S_{C}^{2}$ $=$ tr $(d\tau tKK)$ $Sp(n, C)$-invariant




2.1(complex generating function). $M$ $S_{C}^{2}$ complex submanifold
$V|_{M}$ $K\in C^{n}$ $tr\tau tKK$ $AI$ holomorphic
function $K$ critical point $S_{C}^{2}\cross C^{n}$
$\Phi$ image complex isotropic cone
$f$ $lII$ holomorphic function $tr\tau^{t}KK+J^{\cdot}$ critical point
image complex isotropic submanifold
real generating function [Ejl]
3. 1.1
complex isotropic submanifold, complex isotropic cone
$\Phi$ $C^{n}$ reguler value
complex isotropic submanifold $S_{C}^{2}\cross C^{n}$
$\Phi$ $S_{C}^{2}\cross C^{n}$ complex submanifold projection
$S_{C}^{2}\cross C^{n}arrow S_{C}^{2}$ submanifold maximum rank
holomorphic map $\phi$ of $U\cross V$ into $S_{c}^{2}\cross K_{n,\gamma}$
$\phi(z_{1}, \ldots, z_{p}, k_{1}, \ldots, k_{q})=(\tau(z_{1}, \ldots, z_{p}), K(z_{11}\ldots, z_{p}, k_{1}, \ldots, k_{q}))$
$(z^{1}, \cdots, z^{p})$ the canonical coordinate system of $C^{p}$
$(k^{1}, \ldots, k^{q})$ the canonical coordinate system of $C^{q}$ $U$ $0\in C^{p}$
$V$ $0\in C^{q}$
$\phi^{*}\Phi^{*}\omega_{1}$
$tr$ $( \frac{\partial\tau}{\partial z^{k}}dz^{k})\wedge tK(\frac{\partial K}{\partial z^{\ell}}dz^{\ell}+\frac{\partial K}{\partial k^{m}}dk^{m})=$
tr $( \frac{\partial\tau}{\partial z^{k}}tK\frac{\partial K}{\partial z^{\ell}})dz^{k}\wedge dz^{\ell}+$ tr $( \frac{\partial\tau}{\partial z^{k}}tK\frac{\partial K}{\partial k^{m}})dz^{k}\wedge dk^{m}$
$\phi^{*}\Phi^{*}\omega_{1}=0$ $\frac{\partial}{\partial z^{k}}tr(\frac{\partial\tau}{\partial z^{\ell}}tKK)-\frac{\partial}{\partial z^{\ell}}tr(\frac{\partial\tau}{\partial z^{k}}tKK)=$
$0,$ $\frac{\partial}{\partial k^{m}}$ tr $( \frac{\partial\tau}{\partial z^{k}}tKK)=0$ holomorphic closed 1-form on $U$
1.1
4. Klein correspondence Lie transform.
$T$ complex isotropic subspace $\subset C^{2n}$ $T$ complex
Lagrangian subspace $Lag^{C}=U(n)\backslash Sp(n)$ $T$
$E_{\tau}\subset C^{n}$ $T=\{(X, X\tau)\in C^{n}|X\in E_{\tau}\}$
$\tau\in S_{c}^{2}$ $S$ $\{(X, XA)\in C^{2n}|X\in C^{n}\}$ complex
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Lagrangian subspace $A\in S_{c}^{2}.$ $S$ $T$
$X\in E_{\tau}$ $X(A-\tau)=0$ . $A_{1},$ $\ldots,$ $A_{p}$ $X\in E_{\tau}$
$XA_{k}=0$ $S_{C}^{2}$ $t_{1}A_{1}+\cdots+t_{p}A_{p}+\tau$
$S_{C}^{2}$ affine subspace null subspace affine space $A,$ $A’$
$X(A-A’)=0,$ $X\in E_{\tau}$ subspace $E_{\tau}\subset C^{n}$
maximal subspace $E_{\tau}$ $E_{\tau}$ null sub-
space nullity null subspace complex isotropic subspace
$\{(X, X\tau)\in C^{2n}|X\in E_{\tau}\}$ $\tau$ null subspace
null subspace complex isotropic subspace Klein
correspondence nullity $=r$ affine subspace $r$ isotropic
subspace $S_{C}^{2}$ nullity$=n$ affine subspace com-
plex Lagrangian subspace nullity$=1$ null space $C^{2n}$
complex line $Sp(n, C)$
$N$ $S_{C}^{2}$ complex submanifold $N$ tangent space nullity $r$
null space $N$ nullity $r$ null submanifold $N$
$\tau$ $E_{\tau}$ $N$ rank $r$ complex vector bundle $E$
fibre $\{(X, X\tau), X\in E_{\tau}\}$ fibre $C^{2n}$ $r$-dimensional complex
isotropic subspace trivial bundle $N\cross C^{2n}$ subbundle
$E$ $C^{2n}$
$(\tau, (X, X\tau)), X\in E_{\tau}, arrow(X, X\tau)$





$( \frac{\partial(k_{1}\xi_{1}+\cdots+k_{r}\xi_{r})}{\partial z_{i}}, (\frac{\partial(k_{1}\xi_{1}+\cdots+k_{r}\xi_{r})}{\partial z_{i}}\tau)), 1\leq i\leq p$
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$(\xi_{j}, \xi_{j}\tau),$ $1\leq j\leq r$
tangent space $\tau$ complex Lagrangian subspace
complex isotropic subspace complex
isotropic cone $\xi_{i},$ $1\leq i\leq p$ $C^{n}$
complex Lagrangian cone Gauss image null submanifold $N$
correspondence Lie transform
5. $n=2$
complex Lagrangian cone in $H^{2}=C^{4}$ $\mu(z, k)=k(F_{1}(z), F_{2}(z))$ ,
$k,$ $z\in C$ , $F_{1},$ $F_{2}$ $C^{2}$ holomorphic function,
$\mu$ complex Lagrangian cone $F_{1}tF_{2}’-$
$F_{2}tF_{1}’=0.$ $F_{1}=(fi, f_{2}),$ $F_{2}=(f_{3}, f_{4})$ $fif_{3}’+f_{2}f_{4}’-f_{3}f_{1}’-f_{4}f_{2}’=0$
$k$ parameter change $(f_{1}, f_{2})=(1,g)$
$f_{3}’+gf_{4}’-f_{4}g’=0.$ $f=f_{3}+gf_{4}$ $\ovalbox{\tt\small REJECT} y$
$,$
$f_{3}=f-sL’2g$’ ’ $f_{4}=L_{/}’2g$ .
Bryant [Br2] $( (g, (1, g)H(z))$ ).




$\hat{H}(z)$ $C^{3}$ null curve ( Example 1 ) Darboux
[Da]




$\phi(1, w)$ $\phi(z^{1}, z^{2})=(z^{1})^{2}\psi(\frac{z^{2}}{z^{1}})$ Gauss map $\tau(w)=$
Hessian $\phi$
$\tau(w)=(\begin{array}{lll}2\prime u\psi’(\prime ll)+2\psi(w)- w^{2}\psi"(u,) \prime\prime\mu f\psi"(w)\psi’(u))-\psi’(w)- w\psi’(w) \psi"(w)\end{array}),$
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$S_{c}^{2}$ null curve, $\gamma=2$ null vector $($ 1. $w)$
$\hat{H}(z)$ $g=z,$ $f=\psi$
Example 1: $\xi$ Riemann surface 11 $R^{3}$ minimal branched im-
mersion algebraic minimal surface $l|$ $C^{3}$ holo-
morphic null map $F=(F_{1}, F_{2}, F_{3})$ $\xi={\rm Re} F$
holomorphic null map $(F_{1}’)^{2}+(F_{2}’)^{2}+(F_{2}’)^{2}=0$ Simply
connected minimal surface algebraic
$\hat{\tau}=(\begin{array}{ll}F_{1}-iF_{2} iF_{3}i,F_{3} F_{1}+\prime iF_{2}\end{array})$
$S_{c}^{2}\subset Q^{3}$ null curve
$Q^{3}$ null curve -1 3 hyperbolic space $H^{3}(-1)$
constant mean curvature 1 surface [Br5], [M-U-Y], $CP^{3}$ hori-
zontal holomorphic curve 1 3 sphere $S^{4}(1)$ superminimal
surface [Br2] $H^{3}(-1)$ flat surface [G-M-M] [E-Ta].
$C^{3}$ algebraic minimal surface fractional linear transformation
$(\begin{array}{ll}a bc d\end{array})\in Sp(2, C)$
$(\begin{array}{ll}F_{1}-iF_{2} iF_{3}iF_{3} F_{1}+iF_{2}\end{array})(\begin{array}{ll}a bc d\end{array})=$
$(a+(\begin{array}{llll} -iF_{2} iF_{3} iF_{3} F_{1} +iF_{2}\end{array})c)^{-1}(b+(\begin{array}{llll}F_{1} -iF_{2} iF_{3} iF_{3} F_{1} +iF_{2}\end{array})d)$ .
$\psi(w)=w^{3}$ $\phi(z^{1}, z^{2})=\frac{(z^{2})^{3}}{z^{1}}$ Enneper surface null
curve of genus $0$
$\hat{\tau}=(\begin{array}{ll}2z^{3} -3z^{2}-3z^{2} 6z\end{array})$
$Q^{3}$ genus $0$ immersed null curve of degree 4
associated horizontal holomorphic curve immersed degree 3
[Br2]. Bryant genus $0$ immersed null curves of degree 4
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$mo$duli space $SO(5, C)/\rho_{5}(SL(2, C))$ map
$SL(2, C)=Sp(1, C)$-equivariant $Sp(2, C)$ $SO(5, C)$ double
cover complex Lagrangian cone $0$
regular null curve transverse at the infinity $Q^{2}=Q^{3}\backslash S_{C}^{2}$ complete
minimal surface with embedded flat ends Gauss map degree
3 [Br2], [Br4].
$(\begin{array}{ll}2z^{3} -3z^{2}-3z^{2} 6z\end{array})(\begin{array}{lll}-1/2 0-1 00 00 -11 00 00 01 0\end{array})=- \frac{1}{3z(z^{3}-1)}(\begin{array}{lll}6z 3z^{2}3z^{2} 2z^{3} -1/2\end{array})$
complete minimal surface of flat ends
${\rm Re}(- \frac{2z^{3}+6z-1/2}{6z(z^{3}-1)}, -i\frac{2z^{3}-6z-1/2}{6z(z^{3}-1)},i\frac{z}{z^{3}-1})$
Enneper surface Gauss map degree 1. non-transversality
[Br2]
Example 2: $=0$ $\beta\in H^{1,0}(M)$ deformation $\gamma=$
$2,$ $n=1$ $M$ $Q^{3}$ compact null curve
$\tau(z)=(\begin{array}{ll}\tau_{11} \tau_{12}\tau_{12} \tau_{22}\end{array})\in S_{c}^{2}$
$\tau_{11}’\tau_{22}’-\tau_{12}^{\prime 2}=0$ $\beta=\alpha dz$ Then $\Xi=\beta$
$k_{1}^{2_{\mathcal{T}_{11}’}}+2k_{1}k_{2}\tau_{12}’+k_{2}^{2}\tau_{22}’=\alpha$ $\tau_{11}’$ $\tau_{22}’$ $0$
$k_{1}=- \frac{k_{2}\tau_{12}’}{\tau_{11}}+\frac{\sqrt{\alpha\tau_{11}’}}{\tau_{11}’}, k_{2}=-\frac{k_{1}\tau_{12}’}{\tau_{22}}+\frac{\sqrt{\alpha\tau_{22}’}}{\tau_{22}’}$
$\sqrt{}$ 2 complex Lagrangian
submanifold
$C_{1}(k_{1}, z)=$
$k_{1}(1, - \frac{\tau_{12}’}{\tau_{22}}, \tau_{11}-\frac{\tau_{12}’}{\tau_{22}}\tau_{12}, \tau_{12}-\frac{\tau_{12}’}{\tau_{22}}\tau_{22})+(0, \frac{\sqrt{\alpha\tau_{22}’}}{\tau_{22}’}, \frac{\sqrt{\alpha\tau_{22}’}}{\tau_{22}’}\tau_{12}, \frac{\sqrt{\alpha\tau_{22}’}}{\tau_{22}’}\tau_{22})$ ,
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$C_{2}(k_{2}, z)=$
$k_{2}(- \frac{\tau_{12}’}{\tau_{11}’},1, \tau_{12}-\frac{\tau_{12}’}{\tau_{11}}\tau_{11}, \tau_{22}-\frac{\tau_{12}’}{\tau_{11}’}\tau_{12})+(\frac{\sqrt{\alpha\tau_{11}’}}{\tau_{11}’},0, \frac{\sqrt{\alpha\tau_{11}’}}{\tau_{11}’}\tau_{11},\frac{\sqrt{\alpha\tau_{11}’}}{\tau_{11}’}\tau_{12})$ .
complex Lagrangian cone
perturbation $V|_{M}$ $=\beta$ $\beta$
$lII$ fibre 2 affine line
Harvey and Lawson [H-L], Bryant [Br3], Joyce [Jo2]
$C^{3}$ ruled special Lagrangian 3-fold $C^{4}$ 2-
dimensional ruled complex Lagrangian submanifold
irreducible component 1 2
$JI$ immersed $\tau_{11}’$ $\tau_{22}’$ $0$
$C_{1}(k_{1}, z)$ and $C_{2}(k_{2}, z)$
$\frac{\partial C_{1}(k_{1},z)}{\partial z}=k_{1}(\begin{array}{l}-\underline{\tau_{12}}\tau\end{array})\prime(0,1, \tau_{12}, \tau_{22})+(\frac{\sqrt{\alpha\tau_{22}’}}{\tau_{22}})’(0,1. \tau_{12}, \tau_{22})+$
$( \frac{\sqrt{\alpha\tau_{22}’}}{\tau_{22}’})(0,0, \tau_{12}’, \tau_{22}’)$ .
$\alpha$ zero point ruled submanifold regular
5.1. $M$ $Q^{3}$ immersed null curve of genus 1 irreducible
component 2 $\Xi=0$ in $C^{4}$ complex Lagrangian cone
2 ruled, asymptotical conical complex Lagrangian submanifolds with
rate $0$ 1 1 asymptotical conical complex Lagrangian
submanifold with rate $0$
genus $0$ null curve ruled, asymptotical conical complex Lagrangian
submanifolds with rate $0$ Joyce
$C^{3}$ ruled special Lagrangian 3-fold Bryant [Br2]
immersed null curve of genus 1 $e$ transform holomorphic hori-
zontal curve ( ) 5.1
complex Lagrangian cone $M$ branched null curve of
genus 1 branched point fibre $=\beta$
asymptotical conical complex Lagrangian submanifolds with rate $0$
ruled submanifold regular
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Bryant[Br2], Small[Sm], Pirola[Pi] branched null curve of genus 1
2.1
5.2. compact $l|/I\subset S_{C}^{2}$ $\Lambda,\prime I$ holomorphic function
$(1-t) tr\tau^{t}KK+t\int,$ $0\leq t\leq 1$ complex Lagrangian cone ruled complex
Lagrangian submanifold $f$ critical point
complex Lagrangian subspace
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